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FEKETE CONFIGURATION, QUANTITATIVE
EQUIDISTRIBUTION AND WANDERING CRITICAL
ORBITS IN NON-ARCHIMEDEAN DYNAMICS
YUˆSUKE OKUYAMA
Dedicated to Professor Masahiko Taniguchi on his sixtieth birthday
Abstract. Let f be a rational function of degree d > 1 on the projec-
tive line over a possibly non-archimedean algebraically closed field. A
well-known process initiated by Brolin considers the pullbacks of points
under iterates of f , and produces an important equilibrium measure.
We define the asymptotic Fekete property of pullbacks of points, which
means that they mirror the equilibrium measure appropriately. As ap-
plication, we obtain an error estimate of equidistribution of pullbacks
of points for C1-test functions in terms of the proximity of wandering
critical orbits to the initial points, and show that the order is O(
√
kd−k)
upto a specific exceptional set of capacity 0 of initial points, which is
contained in the set of superattracting periodic points and the omega-
limit set of wandering critical points from the Julia set or the presingular
domains of f . As an application in arithmetic dynamics, together with
a dynamical Diophantine approximation, these estimates recover Favre
and Rivera-Letelier’s quantitative equidistribution in a purely local man-
ner.
1. Introduction
Let K or (K, | · |) be an algebraically closed field complete with respect
to a non-trivial absolute value (or valuation) | · |. The field K is said to be
non-archimedean if it satisfies the strong triangle inequality
|z − w| ≤ max{|z|, |w|}
(e.g. p-adic Cp), otherwise K is archimedean and indeed K ∼= C. When K
is non-archimedean, the projective line P1 = P1(K) = K ∪ {∞} is totally
disconnected and non-compact. A subset in K is called a ball if it is written
as {z ∈ K; |z − a| ≤ r} for some center a ∈ K and radius r ≥ 0. The
alternative that two balls in K either nest or are mutually disjoint induces a
partial order over all balls in K, which is nicely visualized by the Berkovich
projective line P1 = P1(K). This regards each element of P1 \ {∞} as an
equivalence class of nesting balls in K, and produces a compact augmenta-
tion of P1 containing P1 as a dense subset. A typical point of the hyperbolic
space
H
1 = H1(K) := P1 \ P1
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is a ball of radius > 0 in K, while each point of K = P1 \ {∞} is a ball
of radius 0. On the other hand, when K is archimedean, P1 and P1 are
identical and H1 = ∅.
Let f be a rational function on P1 of degree d > 1. The action of f on
P1 canonically extends to a continuous, open, surjective and fiber-discrete
endomorphism on P1, preserving both P1 and H1. To each a ∈ P1, the local
degree dega f of f at a also canonically extends. The exceptional set of the
extended f is, as a subset of P1, still defined by
E(f) := {a ∈ P1;#
⋃
k∈N
f−k(a) <∞}.
In 1965, Brolin [6] introduced the equilibrium measure µf in the situation
that f is a complex polynomial, which has proved the basis of many later
extensions and applications. The following equidistribution theorem was
established in [6], [17], [21] for archimedean K, and in [14] generalized to
non-archimedean K: for each a ∈ P1, let (a) be the Dirac measure at a on
P
1. If a ∈ P1 \ E(f), then the averaged pullbacks
(fk)∗(a)
dk
=
1
dk
∑
w∈f−k(a)
(degw(f
k)) · (w)
tends to µf weakly on P
1.
Definition 1.1. The Berkovich Fatou and Julia sets of f in P1 are F(f) and
J(f), respectively (cf. [14, §2.3]). Let F(f) and J (f) be the classical Fatou
and Julia sets of f in P1, which agrees with the intersection of F(f) and J(f)
with P1, respectively. Let SAT (f) and AT (f) be the sets of superattracting
and (possibly super)attracting periodic points of f in P1, respectively.
In [9], for archimedean K, the error term of equidistribution∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣(1.1)
was estimated using a Nevanlinna theoretical covering theory argument:
Theorem 1.1 (cf. [9, Theorem 2 and (4.2)]). Let f be a rational function
on P1 = P1(C) of degree d > 1. Then for every C2-test function φ on P1,
∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣ =


O(d−k) (a ∈ P1 \ UH (f)),
O(kd−k) (a ∈ F(f) \ SAT (f)),
O(ηkd−k) (a ∈ P1 \ SAT (f)),
O((dega0 f
k)d−k) (a ∈ Ua0 , a0 ∈ SAT (f))
(1.2)
as k →∞. Here the third estimate applies to any fixed η > 1, the fourth one
applies to some neighborhood Ua0 of any a0 ∈ SAT (f), and the constants
implicit in each O(·) are locally uniform on a, and independent of η in the
third estimate. The unhyperbolic locus UH (f) is defined in Definition 1.4
below. We note that UH (f) ∩ F(f) = AT (f).
More interestingly, in arithmetic dynamics, Favre and Rivera-Letelier [13,
Corollaire 1.6] estimated the order of (1.1) by O(
√
kd−k) for each C1-test
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function φ on P1 and every algebraic a ∈ P1 \ SAT (f) (see (1.17) below).
One of our aims is to establish such a quantitative equidistribution for general
valued fields K. For this purpose, we study quantitatively the f -asymptotic
Fekete property of ((fk)∗(a)) on P1 in terms of the proximity of wandering
critical orbits of f to the initial point a.
Definition 1.2. Let [·, ·] be the normalized chordal metric on P1. A chordal
open ball in P1 of center w ∈ P1 and radius r > 0 is B[w, r] := {z ∈
P1; [z, w] < r}. For any subset S ⊂ P1 and z ∈ P1, put [z, S] := infw∈S [z, w].
Under the action f on P1, a point z0 ∈ P1 is said to be wandering if
#{fk(z0); k ∈ N ∪ {0}} = ∞. We say z0 to be preperiodic if z0 is not
wandering. For each z0 ∈ P1, the omega limit set of (fk(z0)), or of z0, in P1
is
ω(z0) :=
⋂
N∈N
{fk(z0); k ≥ N},
where the closure is taken in P1 under [·, ·] (then limk→∞[fk(z0), ω(z0)] = 0).
We say z0 ∈ P1 to be pre-recurrent if {fk(z0); k ∈ N∪ {0}} ∩ω(z0) 6= ∅, and
especially to be recurrent if z0 ∈ ω(z0). Put
C(f) := {c ∈ P1; f ′(c) = 0},
C(f)wan := {c ∈ C(f); c is wandering under f},
CO(f)wan := {fk(c); c ∈ C(f)wan, k ∈ N},
PC(f) := {fk(c); c ∈ C(f), k ∈ N},
where in the final definition, the closure is taken in P1 under [·, ·].
If f has characteristic 0, then the Riemann-Hurwitz formula asserts that
there are exactly (2d − 2) critical points of f in P1 taking into account the
multiplicity (degc f − 1) of each c ∈ C(f).
Remark 1.1. In Section 2, we gather a background on the potential theory
and dynamics on P1. For non-archimedean K, the chordal metric [·, ·] ex-
tends to d and to δcan on P
1 respectively as the small model metric and the
generalized Hsia kernel with respect to the canonical point Scan ∈ P1, and
the big model metric ρ is also introduced on H1. The equipped (Gel’fand)
topology of P1 (resp. H1) is strictly weaker than that from d (resp. ρ).
The f -kernel
Φf (S,S ′) = log δcan(S,S ′)− gf (S)− gf (S ′)
on P1 is introduced in (2.9) in Section 2, where gf is the dynamical Green
function of f on P1. We note that −Φf agrees with the Arakelov Green
(kernel) function of f in [3, §10.2], and that
{(S,S ′) ∈ P1 × P1; Φf (S,S ′) = −∞} = diagP1 := {(z, z) ∈ P1 × P1; z ∈ P1}.
A dynamical Favre and Rivera-Letelier bilinear form is
(µ, µ′)f := −
∫
P1×P1\diag
P1
Φf (z, w)d(µ × µ′)(z, w)(1.3)
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for Radon measures µ, µ′ on P1 (if exists). For each a ∈ P1 and each k ∈ N,
the following quantities
Ef (k, a) := − 1
d2k
((fk)∗(a), (fk)∗(a))f ,(1.4)
ηa,k = ηa,k(f) := max
w∈f−k(a)
degw(f
k),
Da,k =Da,k(f) := ((f
k)∗(a)× (fk)∗(a))(diagP1)
=
∫
P1
degw(f
k)d((fk)∗(a))(w) =
∑
w∈f−k(a)
(degw(f
k))2 ∈ [dk, dkηa,k]
are fundamental.
Fact 1.1. If K has characteristic 0, then E(f) and SAT (f) are respectively
characterized as follows (cf. [10, Lemma 1]):
lim sup
j→∞
η
1/j
a,j
{
≤ (d3 − 1)1/3 (a ∈ P1 \ E(f))
= d (a ∈ E(f)) ,(1.5)
sup
j∈N
ηa,j
{
≤ d2d−2 (a ∈ P1 \ SAT (f))
=∞ (a ∈ SAT (f)) .
One of our principal results is the following estimates of Ef (k, a) in terms
of the proximity of wandering critical orbits CO(f)wan to the initial a ∈ P1:
Theorem 1. Let f be a rational function on P1 = P1(K) of degree d > 1.
Then for every a ∈ H1 and every k ∈ N,
|Ef (k, a)| ≤ Φf (a, a)
dk
,(1.6)
and a 7→ Φf (a, a) is locally bounded on H1 under ρ. If in addition K has
characteristic 0, then there is Cf > 0 such that for every a ∈ P1 and every
k ∈ N,
(1.7) − 1
dk
k∑
j=1

ηa,j ∑
c∈C(f)\f−j (a)
1
dj
log
1
[f j(c), a]

− Cf
dk
k∑
j=1
ηa,j − Cf,a
dk
≤ Ef (k, a) ≤ − 1
dk
k∑
j=1

 ∑
c∈C(f)\f−j (a)
1
dj
log
1
[f j(c), a]

+Cf
dk
k∑
j=1
ηa,j+
Cf,a
dk
.
Here the extra constant Cf,a > 0 is independent of k, and even vanishes
if a ∈ P1 \ CO(f)wan. The sums over C(f) \ f−j(a) take into account the
multiplicity (degc f − 1) of each c.
The constants Cf and Cf,a are concretely given in Section 3 below.
Remark 1.2. The upper estimate of Ef (k, a) in (1.7) improves [1, Theorem
1.1] and [13, Propositions 2.8, 4.9] by the first proximity term of wandering
critical orbits to the initial a ∈ P1.
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In Section 2, we introduce the notion of f -asymptotic Fekete configuration
on P1 to sequences of positive measures whose supports consist of finitely
many points in P1. Here we mention that
EFekete(f) :={a ∈ P1; ((fk)∗(a)) is not f -asymptotically Fekete on P1}
=E(f) ∪ {a ∈ P1 \ E(f); lim
k→∞
Ef (k, a) 6= 0}
(see Remark 2.1 below). We call EFekete(f) the non-Fekete locus of f .
Fact 1.2. Suppose that K has characteristic 0. By the classification of
cyclic Fatou components (essentially due to Fatou, cf. [24, Theorem 5.2])
and its non-archimedean counterpart due to Rivera-Letelier ([27, The´ore`me
de Classification]), each Berkovich Fatou component U of f is either
• a wandering domain, that is, for any distinctm,n ∈ N∪{0}, fm(U)∩
fn(U) = ∅, or
• a component of (super)attracting or parabolic basin, or
• the other, which we call a presingular domain of f .
By definition, for every presingular domain U , there are m ∈ N ∪ {0} and
p ∈ N such that fp(fm(U)) = fm(U), and by [14, Proposition 2.16], the
restriction of fp to fm(U) is injective. Historically, a cyclic (Berkovich)
Fatou component of period p on which fp is injective was called a singular
domain (un domaine singulier) of f (cf. [11, §28]). For archimedean K, each
singular domain is either a Siegel disk or an Herman ring.
Definition 1.3. Let PS(f) be the the union of all presingular domains of
f .
For K having characteristic 0, put C0 := −minc∈C(f)∩F(f) log[c,J (f)] +
2 supP1 |gf | > 0 and
Ewan(f) =:
⋃
c∈C(f)wan∩(J (f)∪PS(f))
⋂
N∈N
⋃
j≥N
B[f j(c), exp(−C0dj)],(1.8)
which is of finite Hyllengren measure for increasing (dj) ⊂ N, so of capacity
0 (Lemma 2.1).
The estimates of Ef (k, a) from below and above in (1.7) are respectively
essential in estimating the size of EFekete(f) from above and below.
Theorem 2. Let f be a rational function on P1 = P1(K) of degree d > 1,
and suppose that K has characteristic 0. Then
EFekete(f) \E(f) ⊂ Ewan(f) \ E(f).(1.9)
Moreover, if c ∈ C(f)wan is pre-recurrent (then this c belongs to J (f)∪PS(f)
from Fact 1.2), EFekete(f) ∩ ω(c) is Gδ-dense in ω(c) under [·, ·].
Let us come back to estimating (1.1). The following is a version of Favre
and Rivera-Letelier [13, The´ore`me 7].
Proposition 1. Let f be a rational function on P1 = P1(K) of degree d > 1.
Then for every a ∈ H1, every C1-test function φ on P1 and every k ∈ N,∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣ ≤ 〈φ, φ〉1/2
√
|Ef (k, a)|.(1.10)
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Moreover, there is CFRL > 0 such that for every a ∈ P1, every C1-test
function φ on P1 and every k ∈ N,
(1.11)
∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣
≤ CFRLmax{Lip(φ), 〈φ, φ〉1/2}
√
|Ef (k, a)| + kd−2kDa,k.
Here Lip(φ) is the Lipschitz constant of the restriction of φ to P1 under [·, ·],
and 〈φ, φ〉1/2 is the Dirichlet norm of φ.
Remark 1.3. For the C1-regularity of test functions on P1 in non-archimedean
K case, see Section 2. The dependence of CFRL on f will be seen concretely
in Section 4. If K is archimedean (∼= C), then each C1-test function φ
satisfies 〈φ, φ〉1/2 ≤ Lip(φ), and any Lipschitz continuous test function on
P1 under [·, ·] is approximated by C1-test functions on P1 in the Lipschitz
norm. Hence the estimate (1.11) extends to every Lipschitz continuous test
function φ on P1 under [·, ·] (and every a ∈ P1 and every k ∈ N) as∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣ ≤ CFRL Lip(φ)
√
|Ef (k, a)| + kd−2kDa,k.
As a consequence, (1.12) and (1.13) below also extend similarly.
The first principal estimate of (1.1) is
Theorem 3. Let f be a rational function on P1 = P1(K) of degree d > 1.
Then for every a ∈ H1, every C1-test function φ on P1 and every k ∈ N,∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣ ≤ 〈φ, φ〉1/2
√
Φf (a, a)d−k,
and a 7→ Φf (a, a) is locally bounded on H1 under ρ. If in addition K has
characteristic 0, then for every a ∈ P1, every C1-test function φ on P1 and
every k ∈ N,
(1.12)
∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣ ≤ CFRLmax{Lip(φ), 〈φ, φ〉1/2}×√
(2d − 2)
(
max
j∈{1,...,k}
max
c∈C(f)\f−j (a)
1
dj
log
1
[f j(c), a]
)
+ Cf + Cf,a + 1
×
√√√√√max

 1dk
k∑
j=1
ηa,j , k
Da,k
d2k

.
Here the constants Cf and Cf,a appear in Theorem 1, and the sum over
C(f) \ f−j(a) takes into account the multiplicity (degc f − 1) of each c.
Recall the definition (1.8) of Ewan(f), which is of capacity 0. The second
principal estimate of (1.1) is
Theorem 4. Let f be a rational function on P1 = P1(K) of degree d > 1,
and suppose that K has characteristic 0. Then for every a ∈ P1 \ Ewan(f),
FEKETE CONFIGURATION IN NON-ARCHIMEDEAN DYNAMICS 7
there is C > 0 such that every C1-test function φ on P1 and every k ∈ N,
(1.13)
∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣
≤ Cmax{Lip(φ), 〈φ, φ〉1/2}
√√√√√max

 1dk
k∑
j=1
ηa,j , k
Da,k
d2k

.
Furthermore, for every a0 ∈ P1\PC(f) and every r0 ∈ (0, [a0,PC(f)]), there
is C ′ > 0 such that for every C1-test function φ on P1 and every k ∈ N,
sup
a∈B[a0,r0]
∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣ ≤ C ′max{Lip(φ), 〈φ, φ〉1/2}√kd−k.
Remark 1.4. Suppose that K has characteristic 0. For every a ∈ P1 and
every k ∈ N,
max

 1dk
k∑
j=1
ηa,j , k
Da,k
d2k

 ≤ kd−kηa,k,(1.14)
which is asymptotically optimal as k → ∞ if a ∈ P1 \ SAT (f). By (1.5),
we also have supk∈N ηa,k ≤ d2d−2 if a ∈ P1 \ SAT (f). If a ∈ SAT (f) \E(f),
we have a better order estimate O(d−kηa,k) of the left hand side as k →∞.
Note that (SAT (f) \ E(f)) ∩ Ewan(f) = ∅, and from #SAT (f) < ∞, that
Ewan(f) ∪ SAT (f) is still of capacity 0.
Let us recover the arithmetic quantitative equidistribution theorem in a
purely local manner: here, let k be a number field or a function field with a
place v, and k the algebraic closure of k. Under the arithmetic setting, that
is,
• setting K = Cv and
• assuming that f has its coefficients in k,
the dynamical Diophantine approximation due to Silverman [29, Theorem
E] and Szpiro and Tucker [32, Proposition 4.3] asserts that for every a ∈
P1(k) \ E(f) and every wandering z ∈ P1(k),
lim
n→∞
1
dn
log[fn(z), a]v = 0.(1.15)
(the dependence of [·, ·], Ewan(f) and µf on v is emphasized by the suffix v).
Since (E(f) ⊂ SAT (f) ⊂)C(f) ⊂ P1(k), a consequence of (1.15) is
Ewan(f)v ∩ P1(k) ⊂ E(f),(1.16)
and Theorem 4 recovers Favre and Rivera-Letelier’s arithmetic quantitative
equidistribution theorem [13, Corollaire 1.6]: under the above arithmetic
setting, for every a ∈ P1(k) \ E(f), there is C > 0 such that every C1-test
function φ on P1(Cv) and every n ∈ N,
∣∣∣∣∣
∫
P1(Cv)
φd
(
(fn)∗(a)
dn
− µf,v
)∣∣∣∣∣ ≤ Cmax{Lip(φ), 〈φ, φ〉1/2}
√
kd−kηa,k
(1.17)
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(Lip(φ) and 〈φ, φ〉1/2 also depend on v).
Remark 1.5. Theorem 2 with (1.16) also implies
EFekete(f)v ∩ P1(k) = E(f)
(EFekete(f) also depends on v). This is a substance of the adelic equidistribu-
tion theorem due to Baker and Rumely [2, Theorems 2.3 and 4.9], Chambert-
Loir [7, The´ore`me 3.1] and Favre and Rivera-Letelier [13, The´ore`mes 3 et
7].
It seems interesting to determine when EFekete(f) = E(f) holds. By
Theorem 2, this is the case under the condition
C(f)wan ∩ (J (f) ∩ PS(f)) = ∅.(1.18)
Let us study this problem further under the assumption thatK is archimedean.
For complex dynamics, see [24].
Definition 1.4. We say f to be semihyperbolic at a ∈ P1 if there is r > 0
such that supk∈NmaxV −k deg(f
k : V −k → B[a, r]) < ∞, where V −k ranges
over all components of f−k(B[a, r]). The unhyperbolic locus UH (f) is the
set of all points at which f is not semihyperbolic (as in Theorem 1.1).
From Man˜e´ [22, Theorem II, Corollary], UH (f) ∩ J (f) agrees with
 ⋃
c∈C(f)∩J (f), recurrent
ω(c)

 ∪ {parabolic periodic points of f},
and each of Cremer periodic points of f and components of the boundaries
of Siegel disks and Herman rings of f is contained in ω(c) for some recurrent
c ∈ C(f)wan ∩ J (f) (a generalization of a theorem of Fatou). Hence by the
final assertion of Theorem 2,
Corollary 1. Let f be a rational function on P1(C) of degree > 1. If either
there is a Cremer periodic point or PS(f) 6= ∅, then E(f) ( EFekete(f).
Indeed, EFekete(f) ∩ J (f) is uncountable.
Definition 1.5. We say f to be geometrically finite if C(f)wan ∩J (f) = ∅,
or to be semihyperbolic if UH (f) ∩ J (f) = ∅.
From Man˜e´’s theorem, if f is either geometrically finite or semihyperbolic,
then f has no Cremer periodic points and PS(f) = ∅. Hence the condition
(1.18) is formally improved as
Corollary 2. If f is geometrically finite, then EFekete(f) = E(f).
Remark 1.6. It is possible to construct a semihyperbolic real bimodal cubic
polynomial f with one (non-recurrent and) pre-recurrent critical point in
J(f), so that EFekete(f) ∩ J (f) 6= ∅, using the kneading theory for bimodal
maps having one strictly preperiodic critical point developed by Mihalache
[23]. Alternatively, the 1-parameter family of polynomials in [26, §6.1] also
produces a semihyperbolic (complex) polynomial with the same property.
In Section 2, we gather background material on dynamics and potential
theory on P1. In Section 3 we show Theorems 1, 2, 3 and 4. In Section 4
we give a proof of Proposition 1.
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2. Background
For the foundation including the construction of Laplacian ∆ on P1, see
[3], [13], [19].
We denote the origin of K2 by 0. Both the maximum norm on K2 for
non-archimedean K and the Euclidean norm on K2 for archimedean K
are denoted by the same | · |. Let π : K2 \ {0} → P1 = P1(K) be the
canonical projection. Put (z0, z1) ∧ (w0, w1) := z0w1 − z1w0 on K2 × K2.
The normalized chordal distance [z, w] on P1 is
[z, w] := |p ∧ q|/(|p| · |q|)
if p ∈ π−1(z) and q ∈ π−1(w). For non-archimedean K, the canonical (or
Gauss) point Scan of P1 is the unit ball {z ∈ K; |z| ≤ 1} in K.
Suppose that K is non-archimedean. The strong triangle inequality im-
plies that any point of a ball S in K can be its center, and its radius and the
diameter diamS are identical. For balls S,S ′ in K, S ∧ S ′ is the smallest
ball in K containing S ∪ S ′. The Hsia kernel δ∞(·, ·) on P1 \ {∞} is an
extension of |z − w| for z, w ∈ K so that
δ∞(S,S ′) = diam(S ∧ S ′)(2.1)
for balls S,S ′ in K.
The big model metric ρ on H1 is an extension of the modulus
ρ(S,S ′) := log(diamS ′/diamS)
for balls S ⊂ S ′ in K as a path-length metric on H1. Let dρ be the 1-
dimensional Hausdorff measure on H1 under ρ. A function φ on P1 is said
to be C1 if it is locally constant on P1 except for a finite sub-tree in H1 and
if φ′ = dφ/dρ exists and is continuous there. The Dirichlet norm of φ is
defined by 〈φ, φ〉1/2, where 〈φ, φ〉 is the integration of (φ′)2 in dρ over H1
([13, §5.5]).
Fact 2.1. Since PGL(2,K) is the linear fractional isometry group on H1
under ρ ([13, §3.4]), the Dirichlet norm 〈φ, φ〉1/2 of φ is PGL(2,K)-invariant
in that for every h ∈ PGL(2,K), 〈h∗φ, h∗φ〉 = 〈φ, φ〉.
Put |S| := δ∞(S, 0) = supz∈S |z| for each ball S in K. The small model
metric d on P1 is an extension of [·, ·] as a path-length metric on P1 so that
d(S,S ′) = diam(S ∧ S
′)
max{1, |S|}max{1, |S ′|} −
1
2
(
diamS
max{1, |S|}2 +
diamS ′
max{1, |S ′|}2
)
for balls S,S ′ in K. For the potential theory on P1, another extension of
[·, ·] is essential. The generalized Hsia kernel δcan(·, ·) on P1 with respect to
Scan is an extension of [·, ·] so that
δcan(S,S ′) = diam(S ∧ S
′)
max{1, |S|}max{1, |S ′|}
for balls S,S ′ in K. Then {a ∈ P1; δcan(a, a) = 0} = P1.
For archimedeanK ∼= C, we put δ∞(z, w) := |z−w| (z, w ∈ K), and define
δcan(·, ·) by [·, ·] as convention. We define C1-regularity and the Lipschitz
continuity under [·, ·] of functions on P1 as usual.
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Fact 2.2. For archimedean K, PSU (2,K) is the linear fractional isometry
group on P1 under [·, ·]. For non-archimedean K, so is PGL(2,OK), where
OK = OK,v is the ring of integers of K (cf. [4, §1]). The chordal kernel
log δcan(·, ·) is interpreted as a Gromov product on P1 by the equality
log δcan(S,S ′) = −ρ(S ′′,Scan)(2.2)
for balls S,S ′ ∈ P1, where S ′′ is the unique point in P1 such that it lies
between S and S ′, between S ′ and Scan, and between S and Scan.
Let f be a rational function of degree d > 1 on P1. A lift F of f is a
homogeneous polynomial map F : K2 → K2 such that π ◦ F = f ◦ π and
that F−1(0) = {0}, i.e., non-degenerate, and is unique upto multiplication
in K∗ = K \{0}. The action of f on P1 canonically extends to a continuous,
open, surjective and fiber-discrete endomorphism on P1, and to each a ∈ P1,
the local degree dega f of f at a also canonically extends. The pullback f
∗
and push-forward f∗ on the space of continuous functions on P
1 and that of
Radon measures on P1 are defined as usual. The dynamical Green function
of F is the uniform limit
gF :=
∞∑
j=0
(f j)∗TF
dj
on P1, where TF := (log |F |)/d− log | · | descends to P1 and extends contin-
uously to P1. For other lifts of f , which are written as cF for some c ∈ K∗,
the homogeneity of F implies
gcF = gF +
1
d− 1 log |c|.(2.3)
Fact 2.3. The uniform limit
GF := (gF |P1) ◦ π + log | · | = lim
k→∞
1
dk
log |F k|(2.4)
on K2 \ {0} is called the escaping rate function of F , and satisfies that
GF ◦ F = d ·GF .
The Laplacian ∆ on P1 is normalized so that for every w ∈ P1 \ {∞},
∆ log δ∞(·, w) = (w) − (∞).
For non-archimedean K, see [3, §5], [12, §7.7], [33, §3]: in [3] the opposite
sign convention on ∆ is adopted.
The equilibrium measure of f is
µf :=
{
∆gF + (Scan) (K is non-archimedean),
∆gF + ω (K is archimedean),
where for archimedean K, ω is the normalized Fubini-Study area element
on P1. Then µf is a probability Radon measure on P
1 and independent of
choices of F . Moreover, µf has no atom in P
1 and is balanced and invariant
under f in that
f∗µf
d
= µf = f∗µf .
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Fact 2.4. The extended endomorphism f on (P1, d) is M -Lipschitz con-
tinuous for some M > d, and the function TF is Lipschitz continuous on
(P1, d) (for non-archimedean K, see [20, Theorems 10, 13]). Put κ :=
(log d)/(logM) ∈ (0, 1). Then there is C > 0 such that for every α ∈ (0, κ),
every z ∈ P1 and every w ∈ P1,
|gF (z)− gF (w)| ≤ C

 ∞∑
j=0
(
Mα
d
)j

 d(z, w)α,
that is, gF is α-Ho¨lder continuous on P
1 under d. With more effort, it is
possible to shows that gF is indeed κ-Ho¨lder continuous on P
1 under d (cf.
[13, §6.6]). The uniform limit g∞ :=
∑∞
j=0(f
j)∗TF,∞/d
j on P1, where | · |max
is the maximum norm onK2 and TF,∞ := (log |F |max)/d−log |·|max descends
to P1 and extends continuously to P1, agrees with gF for non-archimedean
K. For archimedean K, g∞ is also κ-Ho¨lder continuous on P
1 under [·, ·] and
satisfies that ∆g∞ = µf −λ1, where λ1 is the normalized Lebesgue measure
on the unit circle in K ∼= C.
We refer [5] for an abstract potential theory on a locally compact topo-
logical space equipped with an upper semicontinuous kernel. For non-
archimedean K, see [3], and for archimedean K, see [28], [34].
Fact 2.5. The chordal capacity of a Borel set E in P1 is defined by
Capcan(E) := exp
(
sup
µ
∫
P1×P1
log δcan(z, w)d(µ × µ)(z, w)
)
,
where the supremum is taken over all probability Radon measures µ on P1
with suppµ ⊂ E. If E is compact, then the sup can be replaced by max,
and if in addition Capcan(E) > 0, then the max is taken at the unique µ,
and the chordal potential
Ucan,µ(z) :=
∫
P1
log δcan(z, w)dµ(w)
for this µ is bounded from below by log Capcan(E) on P
1.
Definition 2.1. A Borel set E in P1 is of capacity 0 if Capcan(E) = 0.
For example, a subset in P1 of finite Hyllengren measure for an increasing
sequence in N is of logarithmic measure 0 under d, so of capacity 0 (cf. [31,
§2]). In particular,
Lemma 2.1. Suppose that K has characteristic 0. Then Ewan(f) in (1.8)
is of capacity 0.
Proof. We include a direct proof. Suppose Capcan(Ewan(f)) > 0. Then
there is a probability Radon measure µ with suppµ ⊂ Ewan(f) such that
the chordal potential Ucan,µ is bounded (from below) on P
1 (Fact 2.5). Put
C := − infz∈P1 Ucan,µ(z)(≥ 0). For every z ∈ Ewan(f) and every r ∈ (0, 1),
(log r)µ(B[z, r]) ≥
∫
B[z,r]
log δcan(z, w)dµ(w) ≥ −C,
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that is, µ(B[z, r]) ≤ C(log(r−1))−1. Hence for every N ∈ N,
µ(Ewan(f)) ≤
∑
c∈C(f)∩(J (f)∪PS(f))
∑
j≥N
µ(B[f j(c), C0 exp(−dj)])
≤ (2d − 2)
∑
j≥N
C(dj − logC0)−1,
so µ(Ewan(f)) = 0 (as N →∞). This contradicts that µ(Ewan(f)) = 1. 
Let us introduce the dynamically weighted F -kernel
ΦF (z, w) := log δcan(z, w) − gF (z) − gF (w)
on P1, which satisfies that for every w ∈ P1,
∆ΦF (·, w) = (w)− µf ,(2.5)
and the comparison
sup
P1×P1
|ΦF − log δcan| ≤ 2 sup
P1
|gF | <∞.(2.6)
The F -kernel ΦF is upper semicontinuous, and for each Radon measure µ
on P1, introduces the F -potential UF,µ on P
1 and the F -energy IF (µ) as
UF,µ(z) :=
∫
P1
ΦF (z, w)dµ(w),
IF (µ) :=
∫
P1
UF,µdµ =
∫
P1×P1
ΦFd(µ× µ)
(if exists). From (2.5) and the Fubini theorem,
∆UF,µ = µ− µ(P1) · µf .(2.7)
A probability Radon measure µ is called an F -equilibrium measure on P1
if µ maximizes the F -energy among probability Radon measures on P1 in
that
IF (µ) = VF := sup{IF (ν) : ν is a probability Radon measure on P1},
and VF is called the F -equilibrium energy of P
1. The comparison (2.6) im-
plies that VF > −∞, from which there is the unique F -equilibrium measure
on P1 and for every probability Radon measure µ on P1,
inf
z∈P1
UF,µ(z) ≤ VF ≤ sup
z∈P1
UF,µ(z).(2.8)
For non-archimedean K, see also the continuity of UF,µ ([3, Lemma 5.24],
[14, §2.4]) and the property of ∆ ([3, Proposition 8.66], [14, §2.4]). A char-
acterization of µf as the unique solution of a Gauss variational problem
is
Lemma 2.2. The equilibrium measure µf of f is the unique F -equilibrium
measure on P1, that is, ∫
P1×P1
ΦFd(µf × µf ) = VF ;
indeed, UF,µf ≡ VF .
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Proof. From (2.7), ∆UF,µf = 0, so UF,µf is constant on P
1. From (2.8),
indeed UF,µf ≡ VF , and IF (µf ) = VF . 
Let us introduce the more canonical f -kernel
Φf (z, w) := ΦF (z, w) − VF(2.9)
on P1, which is independent of choices of F from (2.3). For each Radon
measure µ on P1, its f -potential is
Uµ :=
∫
P1
Φf (·, w)dµ(w) = UF,µ − µ(P1)VF
on P1. We note that
∆Uµ = ∆UF,µ = µ− µ(P1) · µf ,
Uµf = UF,µf − Vf ≡ 0
and that the dynamical Green function of f
gf (z) := gF (z) +
1
2
VF =
1
2
(log δcan(z, z) − Φf (z, z))(2.10)
on P1 is independent of choices of F .
Recall the definition of GF in (2.4). The bifurcation potential of f is the
constant
B(f) :=
2d−2∑
j=1
(GF (CFj ) + VF ),(2.11)
where (CFj ) ⊂ K2 \{0} is chosen as detDF =
∏2d−2
j=1 (p∧CFj ) (the Jacobian
determinant of F ), and is independent of choices of both F and (CFj ).
For the homogeneous resultant ResP of homogeneous polynomial endo-
morphism P on K2, see [8, §6], [30, §2.4]. We only mention that P is
non-degenerate if and only if ResP = 0. For each lift F of f , the energy
formula
VF = − 1
d(d− 1) log |ResF |
was established in [8, Theorem 1.5] for archimedean K, and in [3, §10.2]
generalized to non-archimedean K (for a simple computation, see [25, Ap-
pendix]).
Lemma 2.3. For each linear fractional isometry h on P1 under [·, ·], put
fh := h
−1 ◦ f ◦ h. Then µfh = h∗µf . For each a ∈ P1, let us identify
h∗(a) with h−1(a). Then f∗h(h
∗(a)) = h∗(f∗(a)), ηh∗(a),k(fh) = ηa,k(f) and
Dh∗(a),k(fh) = Da,k(f). For every (z, w) ∈ P1 × P1,
Φfh(z, w) = Φf (h(z), h(w)).
For every a ∈ P1 and every k ∈ N,
Efh(k, h∗(a)) = Ef (k, a).
For each C1-test function φ on P1, so is h∗φ, and it holds that Lip(h∗φ) =
Lip(φ) and that 〈h∗φ, h∗φ〉 = 〈φ, φ〉.
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Proof. This is clear except for the displayed two equalities. Let F be a lift
of f , and H a lift of h on K2 normalized as |detH| = 1. Then FH :=
H−1 ◦ F ◦H is a lift of fh. Under the normalization, H also preserves | · |
on K2, so gFH = gF ◦ h on P1. Hence for every (z, w) ∈ P1 × P1,
ΦFH (z, w) = log[z, w] − gFH (z)− gFH (w)
= log[h(z), h(w)] − gF (h(z)) − gF (h(w)) = ΦF (h(z), h(w)).
From the formula on Res in [8, Proposition 6.1] and [30, Exercises 2.12],
Res(FH) = Res(H
−1 ◦ F ◦H) = (detH−1)dRes(F ◦H)12
= (detH)−d((ResF )1(detH)d
2
) = (detH)dResF,
and since |detH| = 1, |Res(FH)| = |ResF |, so VFH = VF . Hence for every
(z, w) ∈ P1 × P1, Φfh(z, w) = Φf (h(z), h(w)). Finally, for every a ∈ P1 and
every k ∈ N,
Efh(k, h∗(a))
=
1
d2k
∫
P1×P1\diag
Φfh(z, w)d((f
k
h )
∗(h∗(a))× (fkh )∗(h∗(a)))(z, w)
=
1
d2k
∫
P1×P1\diag
Φf (h(z), h(w))d(h
∗(fk)∗(a)× h∗(fk)∗(a))(z, w) = Ef (k, a).
Now the proof is complete. 
Recall the definition (1.3) of dynamical Favre and Rivera-Letelier bilin-
ear form (µ, µ′)f for Radon measures µ, µ
′ on P1. A classical notion of
asymptotic Fekete configuration on a compact subset C in P1 (see [15], [16])
extends to sequences of positive measures whose supports consist of finitely
many points in C. Here, we are only interested in the case of C = P1:
Definition 2.2. A sequence (νk) of positive measures whose supports con-
sist of finitely many points on P1 is f -asymptotically Fekete (or an f -
asymptotic Fekete configuration) on P1 if as k → ∞, νk(P1) ր ∞, (νk ×
νk)(diagP1) = o(νk(P
1)2) and
(νk, νk)f
νk(P1)2
→ 0.
Remark 2.1. For every a ∈ P1 and every k ∈ N, ((fk)∗(a))(P1) = dk. If
a ∈ H1, then f−k(a) ⊂ H1, so Da,k = 0. If a ∈ P1, then Da,k ≤ dkηa,k =
o(d2k) by (1.5). Hence for each a ∈ P1 \ E(f), it holds that ((fk)∗(a)) is
f -asymptotically Fekete on P1 if and only if
Ef (k, a) = 1
d2k
∫
P1×P1\diag
P1
Φfd((f
k)∗(a)× (fk)∗(a))→ 0
as k →∞. For every a ∈ E(f), ((fk)∗(a)) is not f -asymptotically Fekete on
P
1 since for each k ∈ N, Da,k = (((fk)∗(a))(P1))2, so the second condition
does not hold.
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3. Proof of Theorems 1, 2, 3 and 4
Let f be a rational function on P1 = P1(K) of degree d > 1.
Lemma 3.1 (cf. [3, Theorem 10.18], [31, Lemma 1.2]). For every a ∈ P1
and every z ∈ P1,
Φf (f(z), a) = Uf∗(a)(z).(3.1)
Proof. For every a ∈ P1, from f∗µf = d · µf and (f∗(a))(P1) = d,
∆Φf(f(·), a) = f∗(∆Φf (·, a)) = f∗((a)− µf ) = f∗(a)− d · µf = ∆Uf∗(a)
on P1. Hence Φf (f(·), a) − Uf∗(a) is harmonic, so constant, on P1. Let us
integrate this constant function in dµf (·) over P1. Then from f∗µf = µf
and Uµf ≡ 0,
Φf (f(·), a)− Uf∗(a) ≡
∫
P1
(ΦF (f(·), a) − Uf∗(a))dµf = 0
on P1, which is (3.1). 
The estimate (1.6) in Theorem 1 follows from
Lemma 3.2. For every a ∈ H1 and every k ∈ N, Ef (k, a) = Φf (a, a)/dk.
Moreover, supa∈P1 |Φf (a, a) + ρ(a,Scan)| <∞.
Proof. We assume k = 1 without loss of generality. Since f−1(a) ⊂ H1,
integrating (3.1) in d(f∗(a))(z)/d2 on P1,
1
d
Φf (a, a) =
1
d2
∫
P1×P1
Φfd(f
∗(a)× f∗(a))
=
1
d2
∫
P1×P1\diag
P1
Φfd(f
∗(a)× f∗(a)) = Ef (1, a).
By (2.2), ρ(a,Scan) = − log δcan(a, a), so supa∈P1 |Φf (a, a) + ρ(a,Scan)| =
supa∈P1 | − 2gf (a)| <∞. 
From now on, let us assume that K has characteristic 0.
Definition 3.1. For every z ∈ P1, put
cz(f) := lim
P1∋u→z
{Φf (f(u), f(z))− (degz f)Φf (u, z)} .(3.2)
Lemma 3.3. For every a ∈ P1 and every z ∈ f−1(a),
cz(f) =
∫
P1\{z}
Φf (z, w)d(f
∗(a))(w).(3.3)
Proof. For every a ∈ P1 and every z ∈ f−1(a), from Lemma 3.1, for every
u ∈ P1 \ {z},
Φf (f(u), f(z)) − (degz f)Φf (u, z) = Φf (f(u), a)− (degz f)Φf (u, z)
= Uf∗(a)(u)− (degz f)Φf (u, z) =
∫
P1\{z}
Φf (u,w)d(f
∗(a))(w),
and take limP1∋u→z of both sides. 
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Lemma 3.4. For every a ∈ P1 and every k ∈ N,
Ef (k, a) = 1
d2k
∫
P1
cz(f
k)d((fk)∗(a))(z).(3.4)
Proof. With no loss of generality, we assume that k = 1. Integrating (3.3)
in d(f∗(a))(z)/d2,∫
P1
cz(f)
d(f∗(a))(z)
d2
=
1
d2
∫
P1
d(f∗(a))(z)
∫
P1\{z}
Φf (z, w)d(f
∗(a))(w)
=
1
d2
∫
P1×P1\diag
P1
Φfd(f
∗(a)× f∗(a)) = Ef (1, a).

Put f0 := IdP1 . Recall that degz f is multiplicative in that for every
z ∈ P1 and every m,n ∈ N ∪ {0},
degz(f
m+n) = degfn(z)(f
m) degz(f
n).
Lemma 3.5. For every k ∈ N and every z ∈ P1,
cz(f
k) =
k∑
j=1
degfj(z)(f
k−j)cfj−1(z)(f).(3.5)
Proof. This is clear if k = 1. Suppose that k ≥ 2. For every z ∈ P1 and
every j ∈ N,
cz(f
j)
= lim
P1∋u→z
{
[Φf (f(f
j−1(u)), f(f j−1(z)))−degfj−1(z)(f)Φf (f j−1(u), f j−1(z))]
+ degfj−1(z)(f)[Φf (f
j−1(u), f j−1(z)) − degz(f j−1)Φf (u, z)]
}
= cfj−1(z)(f) + degfj−1(z)(f)cz(f
j−1),
so cz(f
j)/degz(f
j) − cz(f j−1)/degz(f j−1) = cfj−1(z)(f)/degz(f j). Taking
the sum of this over j = 2, . . . , k,
cz(f
k)
degz(f
k)
=
k∑
j=1
cfj−1(z)(f)
degz(f
j)
,
which is equivalent to (3.5). 
Lemma 3.6. For every z ∈ P1 \ C(f),
cz(f) = − log |d| +B(f) +
∑
c∈C(f)
Φf (z, c).(3.6)
Here the sum takes into account the multiplicity (degc f−1) of each c ∈ C(f).
Proof. The chordal derivative of f is defined by
f#(z) := lim
P1∋u→z
[f(u), f(z)]/[u, z]
on P1. For every z ∈ P1 \ C(f), i.e., degz f = 1,
cz(f) = lim
P1∋u→z
{Φf (f(u), f(z)) − Φf (u, z)} = log f#(z)−2gf (f(z))+2gf (z).
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Let F be a lift F of f . For every z ∈ P1, by a direct computation involving
Euler’s identity,
f#(z) =
1
|d|
|p|2
|F (p)|2 |detDF (p)|
if p ∈ π−1(z) (cf. [18, Theorem 4.3]). Choose (CFj ) ⊂ K2 \ {0} such that
detDF (p) =
∏2d−2
j=1 (p ∧ CFj ). Then π(CFj ) (j = 1, . . . , 2d − 2) range over
C(f). From (2.4) and GF ◦F = dGF , for every z ∈ P1\C(f) and p ∈ π−1(z),
cz(f) = − log |d|+
2d−2∑
j=1
(log |p ∧ CFj | −GF (p)).
For every (z, w) ∈ P1 × P1,
Φf (z, w) = log |p ∧ q| −GF (p)−GF (q)− VF
if p ∈ π−1(z) and q ∈ π−1(w). This implies that ∑2d−2j=1 (log |p ∧ CFj | −
GF (p)) =
∑
c∈C(f)Φf (z, c) +B(f). Now the proof is complete. 
Lemma 3.7. There is C1 > 0 such that for every a ∈ P1 and every k ∈ N,∣∣∣∣∣∣Ef (k, a)−
1
dk
k∑
j=1
∑
c∈C(f)
∫
P1\{c}
degw(f
j)Φf (w, c)d
(f j)∗(a)
dj
(w)
∣∣∣∣∣∣ ≤
C1
dk
k∑
j=1
Da,j
dj
.
The sum over C(f) takes into account the multiplicity (degc f − 1) of each
c ∈ C(f).
Proof. Substituting (3.5) in (3.4), for every a ∈ P1 and every k ∈ N,
Ef (k, a) = 1
d2k
∫
P1
cz(f
k)d((fk)∗(a))(z)
=
1
d2k
k∑
j=1
∫
P1
degf◦fj−1(z)(f
k−j)cfj−1(z)(f)d((f
k)∗(a))(z)
=
1
dk
k∑
j=1
∫
P1
d−k+j−1 degf(w)(f
k−j)cw(f) · d((fk−j+1)∗(a))(w)
=
1
dk
k∑
j=1
∫
P1
d−j degf(w)(f
j−1)cw(f)d((f
j)∗(a))(w)
=
1
dk
k∑
j=1
∫
P1
degw(f
j)
degw f
cw(f)d
(f j)∗(a)
dj
(w).
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Hence using Lemma 3.6,
∣∣∣∣∣∣Ef (k, a)−
1
dk
k∑
j=1
∑
c∈C(f)
∫
P1\{c}
degw(f
j)Φf (w, c)d
(f j)∗(a)
dj
(w)
∣∣∣∣∣∣
=
∣∣∣∣∣ 1dk
k∑
j=1
(∫
C(f)
degw(f
j)
cw(f)
degw f
d
(f j)∗(a)
dj
(w)+
+
∫
P1\C(f)
degw(f
j)

cw(f)− ∑
c∈C(f)
Φf (w, c)

 d(f j)∗(a)
dj
(w)
−
∑
c∈C(f)
∫
C(f)\{c}
degw(f
j)Φf (w, c)d
(f j)∗(a)
dj
(w)
)∣∣∣∣∣ ≤ 1dk
k∑
j=1
C1
Da,j
dj
,
where we set C1 := maxc∈C(f) |cc(f)| + (2d − 2)maxC(f)×C(f)\diag
P1
|Φf | +
(| log |d|| + |B(f)|) <∞. 
Lemma 3.8. There is C2 > 0 such that for every a ∈ P1 and every k ∈ N,
1
dk
k∑
j=1

ηa,j ∑
c∈C(f)\f−j (a)
1
dj
Φf (f
j(c), a)

 − C2
dk
k∑
j=1
ηa,j − Cf,a
dk
≤ 1
dk
k∑
j=1
∑
c∈C(f)
∫
P1\{c}
degw(f
j)Φf (w, c)d
(f j)∗(a)
dj
(w)
≤ 1
dk
k∑
j=1

 ∑
c∈C(f)\f−j (a)
1
dj
Φf (f
j(c), a)

 + C2
dk
k∑
j=1
ηa,j +
Cf,a
dk
.
Here the extra constant Cf,a ≥ 0 is independent of k, and even vanishes if
a ∈ P1 \ CO(f)wan. The sums over C(f) take into account the multiplicity
(degc f − 1) of each c ∈ C(f).
Proof. For each c ∈ C(f),
Φf (·, c) =
(
Φf (·, c) −max{0, sup
w∈P1
Φf (w, c)}
)
+max{0, sup
w∈P1
Φf (w, c)},
(3.7)
where the first and second terms of the right hand side are ≤ 0 and ≥ 0,
respectively. Set
C ′ := (2d − 2) max
c∈C(f)
max
{
0, sup
w∈P1
Φf (w, c)
}
≤ 2(2d − 2) sup
P1
|gf | <∞.
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Then for every a ∈ P1 and every j ∈ N, using the decomposition (3.7),
ηa,j ·
∑
c∈C(f)
∫
P1\{c}
Φf (w, c)d
(f j)∗(a)
dj
(w) − C ′ηa,j
≤
∑
c∈C(f)
∫
P1\{c}
degw(f
j)Φf (w, c)d
(f j)∗(a)
dj
(w)
≤
∑
c∈C(f)
∫
P1\{c}
Φf (w, c)d
(f j)∗(a)
dj
(w) + C ′d−jDa,j,
and using Lemma 3.3 for f j,
ηa,j

 ∑
c∈C(f)\f−j (a)
U(fj)∗(a)/dj (c) +
∑
c∈C(f)∩f−j (a)
1
dj
cc(f
j)

− C ′ηa,j
≤
∑
c∈C(f)
∫
P1\{c}
degw(f
j)Φf (w, c)d
(f j)∗(a)
dj
(w)
≤
∑
c∈C(f)\f−j (a)
U(fj)∗(a)/dj (c) +
∑
c∈C(f)∩f−j(a)
1
dj
cc(f
j) + C ′d−jDa,j.
If c ∈ (C(f) \ C(f)wan) ∩ f−j(a), then using Lemma 3.5,
∣∣∣∣ 1dj cc(f j)
∣∣∣∣ = 1dj
j∑
ℓ=1
degfℓ(z)(f
j−ℓ)|cfℓ−1(z)(f)| =
1
dj
j∑
ℓ=1
C ′′dj−ℓ ≤ C ′′ 1
d− 1 ,
where we set C ′′ := maxc∈C(f)\C(f)wan supℓ∈N∪{0} |cfℓ(c)(f)| < ∞. This is
finite since any c ∈ C(f) \ C(f)wan is preperiodic under f . Under the
convention that sup ∅ = 0, put
ka := sup{j ∈ N;C(f)wan ∩ f−j(a) 6= ∅} <∞.
This is finite since any c ∈ C(f)wan is wandering, and vanishes if and only
if a ∈ P1 \CO(f)wan. Under the convention that
∑
∅ = 0, put
Cf,a(j) :=
∑
c∈C(f)wan∩f−j(a)
|cc(f j)|,
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which vanishes for any j > ka. From these estimates,
(3.8) ηa,j

 ∑
c∈C(f)\f−j (a)
U(fj )∗(a)/dj (c)− 2C ′′ −Cf,a(j)

 − C ′ηa,j
≤
∑
c∈C(f)
∫
P1\{c}
degw(f
j)Φf (w, c)d
(f j)∗(a)
dj
(w)
(≤

 ∑
c∈C(f)\f−j (a)
U(fj )∗(a)/dj (c) + 2C
′′ + Cf,a(j)

 + C ′d−jDa,j)
≤

 ∑
c∈C(f)\f−j(a)
U(fj)∗(a)/dj (c)

 + (2C ′′ + Cf,a(j) + C ′) ηa,j.
By Lemma 3.1, U(fj)∗(a)/dj (c) = Φf (f
j(c), a)/dj . Set C2 := C
′+2C ′′. Under
the convention that
∑0
j=1 = 0, put
Cf,a :=
ka∑
j=1
Cf,a(j)ηa,j ,
which vanishes if a ∈ P1 \ CO(f)wan. For every a ∈ P1 and every k ∈ N,∑k
j=1Cf,a(j)ηa,j ≤ Cf,a. Take the sum of (3.8) over j = 1, . . . , k and divide
this by dk. Now the proof is complete. 
Set Cf := C1+C2+(2d− 2) supP1 |2gf |. Then Lemmas 3.7 and 3.8 (with
(2.10) and Da,j ≤ djηa,j) completes the proof of (1.7) in Theorem 1.
Remark 3.1. We can set
Cf = |B(f)|+ max
c∈C(f)
|cc(f)|+ 2 max
c∈C(f)\C(f)wan
sup
ℓ∈N∪{0}
|cfℓ(c)(f)|
− (2d− 2) max
(c,c′)∈C(f)×C(f)\diag
P1
log[c, c′] + | log |d||+ (8d− 8) sup
P1
|gf |.
Proof of Theorem 2. First of all, we show
Ewan(f) = Ewan(f)
′ :=
⋃
c∈C(f)wan
⋂
N∈N
⋃
j≥N
B[f j(c), exp(−C0dj)],(3.9)
Ewan(f)
′ ∩ F (f) ⊂
⋃
c∈C(f)wan∩PS(f)
⋂
N∈N
⋃
j≥N
B[f j(c), exp(−C0dj)],(3.10)
Ewan(f)
′ ∩ J (f) ⊂
⋃
c∈C(f)wan∩J (f)
⋂
N∈N
⋃
j≥N
B[f j(c), exp(−C0dj)],(3.11)
which are independent of Theorem 1. Suppose that a ∈ F (f) \ E(f). Then
for every c ∈ C(f) ∩ J (f), infj∈N[f j(c), a] > 0. If a ∈ SAT (f) \ E(f),
then there are δ > 0 and da ∈ (1, d) such that for every j ∈ N and every
c ∈ C(f)wan \ f−j(a), [f j(c), a] ≥ δ exp(−dja). If a ∈ AT (f) \ SAT (f),
then there are C > 0 and λ ∈ (0, 1] such that for every j ∈ N and every
c ∈ C(f)wan \ f−j(a), [f j(c), a] ≥ Cλj. Hence Fact 1.2 implies the inclusion
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(3.10). Next, suppose that a ∈ J (f). Then for every c ∈ C(f) ∩ F(f) and
every j ∈ N, by (3.1) and (2.10),
1
dj
Φf (f
j(c), a) = U(fj)∗(a)/dj (c) ≥ min
w∈f−j(a)
Φf (c, w) ≥ inf
w∈J (f)
Φf (c, w) > −∞,
and then log[f j(c), a]) ≥ −C0dj . Hence the inclusion (3.11) holds. From
these inclusions, Ewan(f)
′ ⊂ Ewan(f), so the equality (3.9) holds.
Let us show the inclusion (1.9). For every a ∈ P1 and every k ∈ N, by
(1.7),
|Ef (k, a)|
≤
(
(2d− 2) max
j∈{1,...,k}
max
c∈C(f)\f−j(a)
1
dj
log
1
[f j(c), a]
+ Cf + Cf,a
)
1
dk
k∑
j=1
ηa,j .
(3.12)
For every a ∈ P1 \ Ewan(f)′, there is N = N(a) ∈ N such that for every
j > N and every c ∈ C(f) \ f−j(a), log[f j(c), a] ≥ −C0dj . Then
sup
j∈N
max
c∈C(f)\f−j (a)
1
dj
log
1
[f j(c), a]
<∞.(3.13)
Hence for every a ∈ P1 \ (Ewan(f)∪E(f)) = P1 \ (Ewan(f)′∪E(f)), this and
(3.12) together with (1.5) imply that limk→∞ Ef (k, a) = 0, so a 6∈ EFekete(f).
Let us show the final assertion. Fix a pre-recurrent c ∈ C(f)wan. Then
since c is pre-recurrent, for every N ∈ N, {fk(c); k ≥ N} ∩ ω(c) is dense in
ω(c) under [·, ·]. Hence by the Baire category theorem,
Bc :=
⋂
N∈N
⋃
k≥N
(
B[fk(c), exp(−d3k)] ∩ ω(c)
)
is Gδ-dense in ω(c) under [·, ·]. We have already seen that E(f) ⊂ EFekete(f).
For every a ∈ Bc \E(f), since c is wandering, for every k ∈ N large enough,
fk(c) 6= a. Since d−k log[fk(c), a] ≤ −d2k for infinitely many k ∈ N, from the
upper estimate of Ef (k, a) in (1.7) together with (1.5), Ef (k, a) ≤ −dk+o(1)
as k →∞. Hence a ∈ EFekete(f). 
Proof of Theorems 3 and 4. Theorem 3 follows by substituting (1.6) and
(3.12) in (1.10) and (1.11) in Proposition 1, respectively.
For every a ∈ P1 \ Ewan(f) = P1 \ Ewan(f)′, by (3.13),
C := CFRL
√
(2d− 2) sup
j∈N
max
c∈C(f)\f−j (a)
1
dj
log
1
[f j(c), a]
+ Cf + Cf,a + 1 <∞.
For every a0 ∈ P1 \ PC(f) and every r0 ∈ (0, [a0,PC(f)]),
inf
a∈B[a0,r0]
[a,PC(f)] ≥
{
[a0,PC(f)]− r0 (if K is archimedean)
r0 (if K is non-archimedean)
,
so C ′ := CFRL
√
(2d − 2) supa∈B[a0,r0] log(1/[PC(f), a]) + Cf + 1 <∞. Now
both inequalities in Theorem 4 follow from (1.12) in Theorem 3 and Remark
1.4. 
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4. Proof of Proposition 1
Let f be a rational function on P1 = P1(K) of degree d > 1.
Lemma 4.1. For every a ∈ P1 and every k ∈ N,
Ef (k, a) = −
(
(fk)∗(a)
dk
− µf , (f
k)∗(a)
dk
− µf
)
f
.
Proof. From the bilinearity and the definition (1.4) of Ef (k, a),
(
(fk)∗(a)
dk
− µf , (f
k)∗(a)
dk
− µf
)
f
= −Ef (k, a)− 2
(
(fk)∗(a)
dk
, µf
)
f
+ (µf , µf )f .
Since µf has no atom in P
1 and Uµf ≡ 0 on P1,
−
(
(fk)∗(a)
dk
, µf
)
f
=
∫
H1
d
(fk)∗(a)
dk
(z)
∫
P1
Φf (z, w)dµf (w)
+
∫
P1
d
(fk)∗(a)
dk
(z)
∫
P1\{z}
Φf (z, w)dµf (w) = 0,
and similarly, (µf , µf )f = 0. 
The (original) Favre and Rivera-Letelier bilinear form (µ, µ′)∞ ([13, §4.4])
was defined by using the (extended) planar logarithmic kernel
log δ∞(z, w) = log δcan(z, w) − log δcan(z,∞) − log δcan(w,∞)
on P1 instead of Φf (note that [z, w] = |z − w|[z,∞][w,∞] for z, w ∈ K).
For each a ∈ P1 and each k ∈ N such that f−k(a) ⊂ P1 \ {∞}, put
mk(a) :=
(
(fk)∗(a)
dk
− µf , (f
k)∗(a)
dk
− µf
)
∞
+ Ef (k, a).(4.1)
Lemma 4.2. For every a ∈ H1 and every k ∈ N, f−k(a) ⊂ P1 \ {∞} and
mk(a) = 0. Suppose that
• ∞ is a repelling periodic point of f , or
• ∞ is a non-repelling periodic point of f and K is non-archimedean,
and put p := min{j ∈ N; f j(∞) = ∞}. Then for every r ∈ (0, 1) small
enough, there is C > 0 such that for every a ∈ P1 \⋃p−1j=0 f j(B[∞, r]) and
every k ∈ N, f−k(a) ⊂ P1 \ {∞} and |mk(a)| ≤ Ckd−2kDa,k.
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Proof. Put φ∞ := gf − log δcan(·,∞) on P1. For each a ∈ P1 and each k ∈ N,
if f−k(a) ⊂ P1 \ {∞}, then using Lemma 4.1,
mk(a)
=−
∫
P1×P1\diag
P1
(φ∞(z) + φ∞(w))d(
(
(fk)∗(a)
dk
− µf
)
×
(
(fk)∗(a)
dk
− µf
)
)(z, w)
=− 2
∫
P1×P1\diag
P1
φ∞(z)d(
(
(fk)∗(a)
dk
− µf
)
×
(
(fk)∗(a)
dk
− µf
)
)(z, w)
=2
∫
diag
P1
φ∞(z)d(
(
(fk)∗(a)
dk
− µf
)
×
(
(fk)∗(a)
dk
− µf
)
)(z, w)
=2
∫
diag
P1
φ∞(z)d
(
(fk)∗(a)
dk
× (f
k)∗(a)
dk
)
(z, w).
Here the third equality follows from∫
P1×P1
φ∞(z)d(
(
(fk)∗(a)
dk
− µf
)
×
(
(fk)∗(a)
dk
− µf
)
)(z, w) = 0,
and the final one holds since µf has no atom in P
1.
In particular, if a ∈ H1, then f−k(a) ⊂ H1 ⊂ P1 \ {∞} and mk(a) = 0.
Suppose that ∞ is periodic under f . Put p := min{j ∈ N; f j(∞) = ∞}
and λ := |(fp)′(∞)|. For each r ∈ (0, 1), put
U(r) :=
p−1⋃
j=0
f j(B[∞, r]).
In the case that ∞ is repelling, i.e., λ > 1, for every r ∈ (0, 1/√2) small
enough, the single-valued analytic inverse branch f−p∞ of fp fixing ∞ exists
on B[∞, r]. Note that |(f−p∞ )′(∞)| = λ−1 ∈ (0, 1). From the Koebe 1/4-
theorem and its non-archimedean counterpart of (Koebe) 1-theorem (cf. [4,
Proposition 3.5]) applied to this analytic inverse branch of f−p, for every
a ∈ P1 \ U(r) and every k ∈ N, [f−k(a),∞] ≥ r/(4√2λ)k/p+1 > 0 and
max
z∈f−k(a)
|φ∞(z)| ≤ sup
P1
|gf | − log r + (k/p + 1) log(4
√
2λ).
In the case that ∞ is non-repelling, i.e., λ ≤ 1 and that K is also non-
archimedean, for every r ∈ (0, 1) small enough, from the strong triangle
inequality for [·, ·], fp(B[∞, r]) ⊂ B[∞, r]. Then for every a ∈ P1 \U(r) and
every k ∈ N, [f−k(a),∞] ≥ r > 0 and maxz∈f−k(a) |φ∞(z)| ≤ supP1 |gf | −
log r.
Now the proof is complete. 
The following extends [13, The´ore`me 7] to general K.
Theorem 4.1. Let f be a rational function on P1 = P1(K) of degree d > 1.
Then for every a ∈ H1, every C1-test function φ on P1 and every k ∈ N,
∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣ ≤ 〈φ, φ〉1/2
√(
(fk)∗(a)
dk
− µf , (f
k)∗(a)
dk
− µf
)
∞
.
(4.2)
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Moreover, there is C > 0 such that for every a ∈ P1, every C1-test function
φ on P1 and every k ∈ N, if f−k(a) ⊂ K = P1 \ {∞}, then
(4.3)
∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣ ≤ Lip(φ)d−k+
+ 〈φ, φ〉1/2
√∣∣∣∣
(
(fk)∗(a)
dk
− µf , (f
k)∗(a)
dk
− µf
)
∞
∣∣∣∣+ Ckd−2kDa,k.
Proof. For every a ∈ H1 and every k ∈ N, Φf (fk(·), a) is continuous on P1.
Hence by the Cauchy-Schwarz inequality ([13, (32), (33)]),
∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣ =
∣∣∣∣
∫
P1
φ∆
Φf (f
k(·), a)
dk
∣∣∣∣
≤ 〈φ, φ〉1/2
√(
(fk)∗(a)
dk
− µf , (f
k)∗(a)
dk
− µf
)
∞
,
which is (4.2).
For each z ∈ K and each ǫ > 0, let [z]ǫ be the (ǫ-)regularization of the
Dirac measure (z) on P1 (for the definition, see [13, §2.6, §4.6]). For each
a ∈ P1 with f−k(a) ⊂ K, put[
(fk)∗(a)
]
ǫ
:=
∑
z∈f−k(a)
(degz(f
k)) · [z]ǫ.
Since the f -potential U[(fk)∗(a)]ǫ/dk is also continuous on P
1 ([13, Lemmes
2.7, 4.8]), by the Cauchy-Schwarz inequality,∣∣∣∣
∫
P1
φd
(
[(fk)∗(a)]ǫ
dk
− µf
)∣∣∣∣ =
∣∣∣∣
∫
P1
φ∆U[(fk)∗(a)]ǫ/dk
∣∣∣∣
≤ 〈φ, φ〉1/2
√(
[(fk)∗(a)]ǫ
dk
− µf , [(f
k)∗(a)]ǫ
dk
− µf
)
∞
.
Moreover, from the construction of ǫ-regularization of (z),
∣∣∫
P1
φd((z)− [z]ǫ)
∣∣ ≤
Lip(φ)ǫ for every z ∈ K. Hence∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− [(f
k)∗(a)]ǫ
dk
)∣∣∣∣ ≤ Lip(φ)ǫ.
Recall that g∞ is κ-Ho¨lder continuous on P
1 under d, where the κ ∈ (0, 1)
is determined in Fact 2.4. Let η(ǫ) be the modulus of continuity of g∞ under
d. In the proof of [13, Propositions 2.9, 2.10, 4.10, 4.11], it is shown that for
every z ∈ K and every ǫ > 0,

|([z]ǫ, µf )∞ − ((z), µf )∞| ≤ ǫ+ η(ǫ) (z ∈ K),
([z]ǫ, [z
′]ǫ)∞ ≤
{
((z), (z′))∞ (z, z
′) ∈ K ×K \ diagP1 ,
Cabs − log ǫ z = z′ ∈ K,
(4.4)
where Cabs ∈ R is an absolute constant [13, p. 329].
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From the bilinearity,(
[(fk)∗(a)]ǫ
dk
− µf , [(f
k)∗(a)]ǫ
dk
− µf
)
∞
=
1
d2k
([(fk)∗(a)]ǫ, [(f
k)∗(a)]ǫ)∞ − 2
(
[(fk)∗(a)]ǫ
dk
, µf
)
∞
+ (µf , µf )∞,
and in the right hand side, by (4.4),
(the first term) =
1
d2k
∑
(z,z′)∈f−k(a)×f−1(a)\diag
P1
degz(f
k) degz′(f
k)([z]ǫ, [z
′]ǫ)∞
+ d−2k
∑
z∈f−k(a)
(degz(f
k))2([z]ǫ, [z]ǫ)∞
≤ 1
d2k
((fk)∗(a), (fk)∗(a))∞ + (Cabs − log ǫ)d−2kDa,k,
(the second term)
= −2
∑
z∈f−k(a)
degz(f
k)
dk
([z]ǫ, µf )∞ ≤ −2
(
(fk)∗(a)
dk
, µf
)
∞
+ 2(ǫ+ η(ǫ)).
Set ǫ = (dk)−1/κ(< d−k ≤ d−2kDa,k) and C := |Cabs|+(κ−1 log d)+4. From
the bilinearity again, we have(
[(fk)∗(a)]ǫ
dk
− µf , [(f
k)∗(a)]ǫ
dk
− µf
)
∞
≤
(
(fk)∗(a)
dk
− µf , (f
k)∗(a)
dk
− µf
)
∞
+ Ckd−2kDa,k.
Now the proof of (4.3) is complete. 
Let us complete the proof of Proposition 1. For every a ∈ H1 and every
k ∈ N, (1.10) follows from (4.2) and (the former half of) Lemma 4.2.
Choose distinct cycles {z1, f(z1), . . . , fp1−1(z1)}, {z2, f(z2), . . . , fp2−1(z2)}
of f , both of which being repelling if K is archimedean, and where pi :=
min{k ∈ N; fk(zi) = zi} for i = 1, 2. If r1 > 0 and r2 > 0 are small enough,
then Ui :=
⋃pi−1
j=0 f
j(B[zi, ri]) for i ∈ {1, 2} satisfy (P1 \U1)∪ (P1 \U2) = P1.
Fix i ∈ {1, 2}. Let hi be a linear fractional isometry on P1 under [·, ·] such
that hi(∞) = zi, put fhi := h−1i ◦ f ◦ hi and identify h∗i (a) with h−1i (a).
Then h∗i (a) ∈ P1 \
⋃pi−1
j=0 f
j
hi
(B[∞, ri]). Decreasing ri > 0 if necessary, from
(4.3), (the latter half of) Lemma 4.2 and Lemma 2.3, for every a ∈ P1 \ Ui,
every C1-test function φ on P1 and every k ∈ N,∣∣∣∣
∫
P1
φd
(
(fk)∗(a)
dk
− µf
)∣∣∣∣ =
∣∣∣∣∣
∫
P1
(h∗iφ)d
(
(fkhi)
∗(h∗i (a))
dk
− µfhi
)∣∣∣∣∣
≤Lip(h∗iφ)d−k + 〈h∗iφ, h∗iφ〉1/2
√
|Efhi (k, h∗i (a))| + Cikd−2kDh∗i (a),k(fhi)
=Lip(φ)d−k + 〈φ, φ〉1/2
√
|Ef (k, a)| +Cikd−2kDa,k(f).
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Here the constant Ci > 0 is independent of a ∈ (P1 \ Ui), φ and k.
Set CFRL := 2(max{C1, C2} + 1). Then these estimates for i ∈ {1, 2}
conclude (1.11). 
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